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Abstract
Let M be a complete m-dimensional Riemannian manifold with cyclic holonomy group, let X be a closed flat
manifold homotopy equivalent to M , and let L → X be a nontrivial line bundle over X whose total space is a
flat manifold with cyclic holonomy group. We prove that either M is diffeomorphic to X × Rm-dimX or M is
diffeomorphic to L× Rm-dimX−1.
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1. Introduction
The aim of this paper is to give the topological classification of complete Riemannian manifolds whose
holonomy groups are cyclic and whose fundamental groups are isomorphic to a fixed group Γ . Every
such a manifold M is flat so that it is isometric to the total space of a vector bundle p :M → X over a
closed flat manifold X. Let hol(M) be the holonomy group of M . If hol(M) ∼= H , then we say that M is
a hol(H)-manifold. A line bundle L → X is a nolcyc-bundle if it is nonorientable and L is a complete
flat manifold with finite cyclic holonomy group. We prove the following.
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group and let X be a closed n-dimensional flat manifold homotopy equivalent to M . Suppose that L is a
nolcyc-bundle over X and dimM > dimX. Then M is diffeomorphic either to X × Rm−n or to the total
space of (X × Rm−n−1)⊕L.
Theorem 1.1 will be derived from Theorem 3.1 stating that the bundle p :M → X is isomorphic to
the direct sum of a trivial bundle and an appropriate line bundle. We prove that there are nolcyc-bundles
over X and all these bundles have diffeomorphic total spaces. Theorem 1.1 reduces the classification
of complete flat manifolds with holonomy groups isomorphic to Zk to the classification of appropriate
closed flat manifolds. If k is a prime number, then diffeomorphism classes of hol(Zk)-manifolds can be
described in terms of appropriate algebraic invariants (see [2,4] and Remark 4.1 below).
The affine classification of complete flat manifolds with the same cyclic holonomy group C and with
the same fundamental group Γ is different than the topological one. The affine equivalence classes of
such manifolds correspond to appropriate algebraic invariants [14, Theorem 1.1]. If the group C is infi-
nite, then there are uncountably many of them [14, Theorem 1.4].
There is a lot of papers dealing with the case of closed flat manifolds. There are not many papers
dealing with the more general case of complete flat manifolds. Some of those which are related to the
subject of this paper are [5,6,8,10,12,13,15]. A variant of our results, valid for the tangent bundle TX
of a closed flat manifold X, can be found in [15]. Different conditions equivalent to the existence of a
complete flat metric on the total space E of a vector bundle E → X over a closed flat manifold X are
discussed in [13].
Throughout this paper the following notation will be used. The universal covering space of a topologi-
cal space Y will be denoted by Y˜ . The letter Γ stands for the deck group of a given complete flat manifold
M . By X we shall denote a closed totally geodesic submanifold of M homotopy equivalent to M . The
maps Φ :Γ → O(m) and ΦX :Γ → O(n) are the holonomy homomorphisms of M and X respectively.
Symbols γX and ΓX will denote γ |X and {γX: γ ∈ Γ }. The groups Γ and ΓX are isomorphic and we shall
use the symbols γX and ΓX only in the situation when there is a danger of ambiguity. An element γ of Γ
will be written as (tv(γ ) ◦ ΦX(γ )) × ΦU(γ ) (see Section 2). By kX we denote the order of ΦX(Γ ). The
total space of a bundle ξ will be denoted by E(ξ). The symbol hol(M) stands for the holonomy group of
M and Θd denotes a trivial d-dimensional vector bundle. For a given representation of a discrete group
H and a principal H -bundle Π , Π [ρ] is the vector bundle associated with Π and ρ (cf. Section 2).
2. Holonomy representations of flat manifolds and vector bundles
In this section we do not pretend to be original. Its main goal is to reformulate some known results in
a form more convenient for our purposes. A complete m-dimensional flat manifold M is the orbit space
Rm/Γ of the Euclidean space by a free, properly discontinuous, and isometric action of a discrete group
Γ . The holonomy homomorphism Φ :Γ → O(m) carries γ ∈ Γ onto its linear part Φ(γ ). The group
Φ(Γ ) is the holonomy group of M . The manifold M contains a closed totally geodesic submanifold
X = X˜/Γ homotopy equivalent to M , such that the action of Γ on X˜ is the restriction of the action of Γ
on Rm. The holonomy group hol(X) = ΦX(Γ ) is finite and kerΦX is the maximal abelian subgroup of
Γ (see e.g. [16, Chapter 3, §§ 3.2, 3.4]). In particular, hol(X) is a topological invariant of X and M . The
main difference between the compact case and the noncompact one is that Φ(Γ ) is not always finite and
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subgroup of kerΦX , the group ΦX(Γ ) is a factor group of Φ(Γ ).
Let Π : X̂ → X be a covering map, let H be the covering transformation group of Π , let F be the field
of reals or the field of complex numbers, and let ρ :H → GL(s,F) be an s-dimensional representation
of H . Consider the diagonal action h(x,u) = (hx,ρ(h)u) on X̂ × Fs and the orbit space Π [ρ] = (X̂ ×
Fs)/H . The canonical projection p0 : X̂ × Fs  (x,u) → x ∈ X̂ determines a map p :Π [ρ] → X. The
triple (Π [ρ],X,p) is a vector bundle associated to the principal bundle Π with typical fiber Fs . In the
sequel we shall often identify the bundle (Π [ρ],X,p) with Π [ρ].
Proposition 2.1. Let M be a complete connected m-dimensional flat manifold and let X be a closed
totally geodesic submanifold of M , homotopy equivalent to M . Denote ΦU(Γ ) by H , dimX by n, and
m − n by s. Then the action of γ ∈ Γ on M˜ can be written as (tv(γ ) ◦ ΦX(γ )) × ΦU(γ ), where tv(γ ) is
a translation by a vector v(γ ) ∈ X˜, ΦX(γ ) : X˜ → X˜ and ΦU(γ ) : X˜⊥ → X˜⊥. The manifold M is affinely
diffeomorphic to Π [ρ], where Π : X˜/kerΦU → X is the projection and ρ :H → O(s) is a representa-
tion.
Sketch of the proof. According to the arguments given in the proof of Theorem 3.3.3 in [16, Chapter 3],
Rm has the structure of a Riemannian product V ×U of n-dimensional vector space V and s-dimensional
vector space U such that for every γ ∈ Γ , γ |V = tv(γ ) ◦ rV and γ |U = rU , where tv(γ ) is a translation by a
vector v(γ ), rV ∈ O(V ), and rU ∈ O(U). The compact flat manifold X is the image of V in M = Rm/Γ
so that X˜ = V . As the inclusion X ↪→ M is a homotopy equivalence, v(γ ) ∈ X˜. Setting ΦX(γ ) = rV and
ΦU(γ ) = rU we have
(
tv(γ ) ◦ΦX(γ )
)×ΦU(γ ) = γ.
Let X̂ = X˜/kerΦ . The homomorphism ΦU factors through Γ/kerΦU ∼= ΦU(Γ ) so that it defines a
representation ρ :H → O(U). Take the diagonal action h(x,u) = (hx,ρ(h)u) on X̂ ×U . By the above,
M = (X̂ ×U)/H = Π [ρ].
This finishes the proof of Proposition 2.1. 
Corollary 2.2. If the holonomy group H of M is cyclic, then the bundle p :M → X is isomorphic to
⊕
j
Π [ρj ] ⊕
⊕
k
Π [λk],
where ρj are 1-dimensional complex representations of H and λk are one-dimensional real representa-
tions of H .
Remark 2.1. Complete flat manifolds homotopy equivalent to a closed flat manifold X are exactly the
total spaces of flat vector bundles over X ([12], see also [13] and the references given there).
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The aim of this section is to prove Theorem 3.1. Before stating it note that if Φ(Γ ) is cyclic and the
bundle Π [ρ] → X is nonorientable, then |ΦU(Γ )| is infinite or even. In this case ε :ΦU(Γ ) → O(1)
denotes the unique nontrivial homomorphism.
Theorem 3.1. Let M , X, Π [ρ], and s be as in Proposition 2.1. Assume that Φ(Γ ) is a cyclic group.
(a) If Π [ρ] is an orientable bundle, then Π [ρ] ∼= Θs .
(b) If Π [ρ] is a nonorientable bundle, then Π [ρ] ∼= Θs−1 ⊕Π [ε].
In the proof of Theorem 3.1 we shall consider two cases: when Φ(Γ ) is isomorphic to a finite cyclic
group and when Φ(Γ ) ∼= Z. The second case is easy and it will be treated later. To deal with the first
case consider the canonical projection Πab :Γ → H1(Γ ) = Γ/[Γ,Γ ]. The group Φ(Γ ) is finite abelian
so that Φ = Ψ ◦ Πab, ΦX = ΨX ◦ Πab, and ΦU = ΨU ◦ Πab, for some homomorphisms Ψ :H1(Γ ) →
O(m), ΨX :H1(Γ ) → O(n), and ΨU :H1(Γ ) → O(s). In the proof of Theorem 3.1 we show that the
group H1(M,Z) ∼= H1(Γ ) has an appropriate splitting (Lemma 3.2). Using this we construct the desired
isomorphism of Π [ρ] with Θs or Θs−1 ⊕Π [ε].
Lemma 3.2. If Φ(Γ ) is a finite cyclic group, then there are a ∈ H1(Γ ) and a subgroup B of H1(Γ ) such
that H1(Γ ) = 〈a〉 ⊕B , 〈a〉 ∼= Z, Ψ (〈a〉) = Φ(Γ ), and TorsH1(Γ ) ⊂ B ⊂ kerΨ .
A similar result, valid for compact flat manifolds, is known (see e.g. [3, p. 552]).
Proof of Lemma 3.2. Let r be the order of Φ(Γ ). Take y ∈ Γ such that 〈Φ(y)〉 = Φ(Γ ). The translation
by v ∈ Rn commutes with γ ∈ Γ if and only if ΦX(γ )v = v. Using this it is easy to see that yr ∈ Z(Γ ).
It is known that the inclusion Z(Γ ) ↪→ Γ induces a monomorphism Z(Γ ) → H1(Γ ) (see e.g. [11], [16,
Chapter 3, §3.6]). In particular, yr has infinite order. Let 〈a〉 be a maximal cyclic subgroup of H1(Γ )
containing Πab(y). Pick y1 ∈ Π−1ab (a). Clearly 〈Φ(y1)〉 = Φ(Γ ). By the above, a has infinite order.
The group 〈ra〉 is a maximal cyclic subgroup of kerΨ . By Kulikov theorem (cf. [7, Corollary 25.3]),
there is a subgroup B of kerΨ such that kerΨ = 〈ra〉 ⊕ B . The group kerΨ has index r in H1(Γ ) so
that H1(Γ ) = 〈a〉 ⊕ B . Since a has infinite order, every element of TorsH1(Γ ) belongs to B . Proof of
Lemma 3.2 is now complete. 
Proof of Theorem 3.1. (a) Assume that hol(M) is finite and cyclic. Let ΨX and ΨU be as above, and
let b = rankH1(Γ ). Then H1(Γ ) ∼= Zb ⊕ S, where S = TorsH1(Γ ). Take a basis ε1, . . . , εb of Zb and
Aj = ΨU(εj ) ∈ SO(s). Since ΨU(Γ ) is a finite cyclic group, A1, . . . ,Ab belong to an one-dimensional
torus S1 in SO(s). Recall that ΨU(σ) = id for σ ∈ S. Let Aj,t , t ∈ I , be a path in S1 joining Aj with the
identity and let ΨU,t :H1(Γ ) → SO(s) be the homomorphism such that{
ΨU,t (σ ) = id for σ ∈ S,
ΨU,t (εj ) = Aj,t .
Set ΦU,t = ΨU,t ◦Πab. Consider γt = γX ×ΦU,t (γ ) and Γt = {γt : γ ∈ Γ }. The map ΓX  γX → γt ∈ Γt
is an isomorphism. The group Γt acts freely and properly discontinuously on Rm so that Mt = Rm/Γt is
a manifold.
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ΓI = {γI : γ ∈ Γ } and MI = (Rm × I )/ΓI . The action of ΓI on MI is again free and properly discontinu-
ous. The projection X˜×U × I  (x,u, t) → (x, t) ∈ X˜× I determines a vector bundle pI :MI → X× I .
The restriction of pI to X×{0} is isomorphic to ξ . Since ΦU,1(Γ ) = {1}, the bundle pI |X×{1} can be writ-
ten as Π [ρ1], where ρ1 is the trivial representation. Hence ξ ∼= Π [ρ1] ∼= Θs .
Assume that hol(M) ∼= Z. In this case Π : X˜/kerΦU → X is a principal Z-bundle and ρ :Z → SO(s).
Let At, t ∈ [0,1], be a path in SO(s) joining ρ(1) with the identity. For every t ∈ [0,1] take the represen-
tation ρt :Z → SO(s) such that ρt(1) = At . Then Π [ρ] is homotopic to Π [ρ1] and thus
Π [ρ] ∼= Π [ρ1] ∼= Θs.
(b) Let h be a generator of ΦU(Γ ). Then ε(h) = −1. By the assumption, the bundle Π [ρ] is
nonorientable and so detρ(h) = −1. Since ρ(h) ∈ O(s), U is the direct sum of a ρ(h)-invariant one-
dimensional subspace W and a ρ(h)-invariant (s − 1)-dimensional subspace W⊥ such that ρ(h)|W⊥ ∈
SO(s − 1) and ρ(h)|W = −idW . Hence Π [ρ|W⊥] ∼= Θs−1 and Π [ρ|W ] ∼= π [ε]. This completes the proof
of Theorem 3.1. 
Remark 3.1. The conclusion of Theorem 3.1 may be false if we remove the assumption that the
holonomy group of M is cyclic (cf. [13, p. 567]).
4. Topological structure of complete Riemannian manifolds with cyclic holonomy groups
The aim of this section is to prove Theorem 1.1. To achieve this goal we consider the question
as to when two nolcyc-bundles over X have diffeomorphic total spaces. Take the homomorphism
wH :H1(X,Z) → H1(X,Z2), induced by the epimorphism Z → Z2, and set w = wH ◦Πab.
Lemma 4.1. Let G = 〈a〉 ⊕ B be an additive abelian group and let f :G → H × {−1,1}, f1 :G → H ,
f2 :G → {−1,1} be the homomorphisms such that f (u) = f1(u) × f2(u) for every u ∈ G. Assume that
f (G) is a cyclic group, 〈f1(a)〉 = f1(G), B ⊂ kerf1, f2(G) = {−1,1}, and the order of f1(G) is even.
Then f2(la + b) = (−1)l for every l ∈ Z, b ∈ B .
Proof. Let P1 :f (G) → f1(G) be the epimorphism carrying f1(g)× f2(g) onto f1(g). It is easily seen
that P1 is an isomorphism and f (a) = P−11 (f1(a)) = f1(a) × (−1). Hence f (la + b) = P−11 (f1(a)l) =
f1(a)
l × (−1)l. 
Lemma 4.2. Let X be a closed flat manifold with cyclic holonomy group of order kX .
(a) If kX is even, then every two nolcyc-bundles over X are isomorphic.
(b) If kX is odd, then w(Z(ΓX)) = H1(X,Z2).
Proof. (a) Let M → X be a nolcyc-bundle and let a, B , Ψ , ΨX, and ΨU be as in Lemma 3.2. If M ′ → X is
another nolcyc-bundle, then M˜ and M˜ ′ are isometric to X˜ × R. One can assume that M˜ = M˜ ′ and the
orthogonal complements of X˜ in M˜ and M˜ ′ are the same. The holonomy homomorphism Ψ ′ :H (Γ ) →1
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tion 2). The triples Ψ,ΨX,ΨU and Ψ ′,ΨX,Ψ ′U satisfy the assumptions of Lemma 4.1 and thus
Ψ ′U(la + b) = (−1)l = ΨU(la + b)
for every l ∈ Z and b ∈ B .
(b) Let A be the direct summand of H1(X,Z) such that Πab(Z(ΓX)) is a finite index subgroup of A
and let S be the torsion subgroup of H1(Γ ). As rankΠab(Z(ΓX)) = rankH1(X,Z) we have H1(X,Z) =
A ⊕ S. By the universal coefficients formula, wH is an epimorphism. According to [1, Chapter 3, §9],
there are homomorphisms res :H∗(Γ,Z) → H∗(kerΦX,Z) and cor :H∗(kerΦX,Z) → H∗(Γ,Z) such
that cor ◦ res is the multiplication by kX . Since H∗(kerΦX,Z) is torsion free, kXS = 0 and thus wH(s) =
kXwH(s) = 0 for s ∈ S. In particular, H1(X,Z2) = wH(A).
We prove that the order of A/Πab(Z(ΓX)) is odd. To achieve this goal take uH ∈ A such that 2uH ∈
Πab(Z(ΓX)). Let uH = Πab(u). Write u as tv(u) ◦ΦX(u). As Z(ΓX) is contained in the maximal abelian
subgroup of ΓX, every element of Z(ΓX) is a translation and consequently ΦX(u)2 = id. The group
ΦX(Γ ) does not contain the elements of even order so that u = tv(u). Since t2v(u) ∈ Z(ΓX), u ∈ Z(ΓX),
which establishes the claim. Using it we conclude that w(Z(ΓX)) = wH(Πab(Z(ΓX))) = H1(X,Z2). 
Lemma 4.3. If ξ and η are nolcyc-bundles over X, then there is a diffeomorphism f :X → X such that
ξ ∼= f ∗η.
Proof. It suffices to consider the case when kX = |φX(Γ )| is odd. By Lemma 4.2, any two different
elements of H1(X,Z2) − {0} can be written as w(σ) and w(τ) for some σ, τ ∈ Z(ΓX). Take the cyclic
direct summands 〈σ˜ 〉 and 〈τ˜ 〉 of H1(X,Z) such that Πab(σ ) ∈ 〈σ˜ 〉 and Πab(τ) ∈ 〈τ˜ 〉. We have 〈σ˜ 〉∩〈τ˜ 〉 =
{0}, because w(σ) = w(τ). As w(σ) and w(τ) are different from zero, Πab(σ ) = l1σ˜ and Πab(τ) = l2τ˜
for some odd numbers l1 and l2.
We show that there are automorphisms G,H :ΓX → ΓX such that G(σ) = στ l1 and H(τ) = σ l2τ .
To achieve this goal take any homomorphisms g0, h0 :H1(X,Z) → Z such that g0(σ˜ ) = 1, g0(τ˜ ) = 0,
h0(τ˜ ) = 1, and h0(σ˜ ) = 0. Let g = g0 ◦Πab and h = h0 ◦Πab. As σ and τ belong to Z(ΓX), the formulas
G(γ ) = τ g(γ )γ, H(γ ) = σh(γ )γ
define two endomorphisms of ΓX. Let G1(γ ) = τ−g(γ )γ . From the equality g(τ) = 0 it follows that
G1 = G−1. Since l1 is odd we have
G∗
(
w(σ)
)= l1w(τ)+w(σ) = w(σ)+w(τ).
Similar arguments show that H is an isomorphism and
H∗
(
w(τ)
)= l2w(σ)+w(τ) = w(σ)+w(τ).
As G and H can be lifted to affine diffeomorphisms of X, it is clear that Diff(X) acts transitively
on H1(X,Z2) − {0} and H 1(X,Z2) − {0}. In particular, there is a diffeomorphism f :X → X such that
f ∗w1(ξ) = w1(η). By [9, Chapter 16, Theorem 3.4], f ∗ξ ∼= η. 
Lemma 4.4. If X is a closed flat manifold with cyclic holonomy group, then X admits a nolcyc-bundle.
Proof. Applying Lemma 3.2 to X we obtain a direct sum decomposition H1(Γ ) = 〈a〉 ⊕ B such that
〈Ψ (a)〉 = Φ (Γ ) and B ⊂ kerΨ . For every q ∈ Z, β ∈ B set Ψ (qa + β) = (−id )q . Let Φ =X X X L R L
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Γ = {γX ×ΦL(γX): γX ∈ ΓX} on X˜ × R. The arising line bundle L : (X˜ × R)/Γ → X is nonorientable.
From the equality (ΨX × ΨL)(B) = {1} it follows that the holonomy group of the total space of L is
generated by ΦX(a)×ΦL(a). 
Proof of Theorem 1.1. If the bundle ξ :M → X is orientable, then M is diffeomorphic to X × Rm−n.
Assume that the bundle is nonorientable. The cyclic group hol(M) is either finite or infinite. In the first
case Theorem 3.1 shows that there is a nolcyc bundle L1 such that ξ ∼= Θm−n−1 ⊕ L1. According to
Lemma 4.3, there is a diffeomorphism f :X → X such that f ∗L ∼= L1 and thus ξ ∼= f ∗(Θm−n−1 ⊕ L).
Let α : ξ → f ∗(Θm−n−1 ⊕L) be an isomorphism and let f ! :f ∗(Θm−n−1 ⊕L) → Θm−n−1 ⊕L be the map
that carries (y,w) ∈ f ∗ξy onto w ∈ ξf (y). Then f ! ◦ α is the required diffeomorphism of the total spaces
of ξ and Θm−n−1 ⊕ L. In the second case M = Π [ρ] for some ρ :Z → O(m − n) and the arguments
given in the proof of Theorem 3.1 show that ρ can be replaced by ρ1 carrying 1 onto idRm−n−1 ⊕ −idR.
This completes the proof of Theorem 1.1. 
Remark 4.1. Let p be a prime number, and let l be a positive integer relatively prime to p. It was
shown in [3] that there is a 1–1-correspondence between affine (or topological) equivalence classes of
closed hol(Zp)-manifolds and 4-tuples (a, b, c;α), where a, b, c, are integers with a > 0, b > 0, c  0,
c < b, c a and α is an equivalence class of elements of the ideal class group of the pth cyclotomic field
Q(ζp). This result together with our Theorem 1.1 gives topological classification of complete Riemannian
manifolds whose holonomy groups are isomorphic to Zpl and whose fundamental groups have holonomy
groups isomorphic to Zp .
Now we explain that the main result of [15] is related to our Theorem 3.1. Let L(Rn) be the set of Rn-
invariant vector fields on Rn and let h∗ be the standard action of an affine diffeomorphism h on L(Rn),
given by the formula (h∗V )x = dhx(Vh−1(x)). Identify TRn with Rn × L(Rn). It is not difficult to show
the following.
Lemma 4.5. Let X be a closed flat manifold with tangent bundle TX. Then ΦTX(γ ) = ΦX(γ )×ΦX(γ )∗.
Lemma 4.5 implies, in particular, that the map
ΦX(Γ )  ΦX(γ ) → ΦX(γ )×ΦX(γ )∗ ∈ ΦTX(Γ )
is an isomorphism. Applying Theorem 3.1 we have.
Corollary 4.6 (cf. [15]). Let X be an n-dimensional closed flat manifold with cyclic holonomy group
ΦX(Γ ).
(a) If X is orientable, then X is parallelizable.
(b) If X is nonorientable, then there is a nolcyc-bundle λ such that TX ∼= Θn−1 ⊕ λ.
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